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In Appl. Comput. Harmon. Anal. 2 (1995), 160–173, Favier and Zalik presented a
multivariate version of Kadec’s 1/4-theorem. But their result contains an additional
condition Bd(L) < 1. In this paper, we show that this condition may be deleted.
In fact, we make a straightforward generalization of Kadec’s 1/4-theorem for
L2[−pi,pi]d . We also study the stability of Gabor frames and improve some results
from Favier and Zalik (Appl. Comput. Harmon. Anal. 2 (1995), 160–173). Ó 1999
Academic Press
1. INTRODUCTION
Kadec’s 1/4-theorem [5] shows that if {λn} is a sequence of real numbers for which
|λn − n| ≤ L< 14 , n ∈ Z,
then {eiλnω} forms a Riesz basis for L2[−pi,pi].
In [3], Favier and Zalik gave a multivariate version of Kadec’s 1/4-theorem. For
0<L< 1/2, d ≥ 1, define Bd(L) as follows: B1(L) := 1− cospiL+ sinpiL, and for
d > 1,
Bd(L) :=
[
B
1/2
1 (L)+B1/21 (L)B1/2d−1(L)+B1/2d−1(L)
]2
.
Let k := (k1, . . . , kd) ∈ Zd and λk := (λk1 , . . . , λkd ) ∈Rd . If
|kl − λkl | ≤ L<
1
4
, l = 1, . . . , d, k ∈ Zd, (1)
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and Bd(L) < 1, then {ei〈λk,ω〉 : k ∈ Zd } is a Riesz basis for L2[−pi,pi]d with frame bounds
[1−B1/2d (L)]2 and [1+B1/2d (L)]2 ([3], Corollary 2).
As proved in [3], Bd(L)≥ B1(L)[1+B1/21 (L)]2(d−1). This implies limd→∞Bd(L)=∞
for 0 <L < 1/2. In other words, for large d with Bd(L) < 1,L must be very small. This
limits its application.
Chui and Shi [2] found another condition instead of Bd(L) < 1. But their result still
gives rise to very small perturbation.
In this paper, we show that the condition Bd(L) < 1 is not necessary. In fact we prove
that (1) is sufficient for {ei〈λk,ω〉} to be a Riesz basis. With this result, we study the stability
of Gabor frames.
2. MAIN RESULTS
THEOREM 2.1. Let {λk} be a sequence in Rd and satisfy (1). Then {ei〈λk,ω〉 : k ∈
Zd } forms a Riesz basis for L2[−pi,pi]d with frame bounds (2pi)d [1 − B1(L)]2d and
(2pi)d [1+B1(L)]2d .
Proof. We consider only for d = 2. For d > 2, the proof is similar.
By Kadec’s 1/4-theorem, both {eiλk1ω1 : k1 ∈ Z} and {eiλk2ω2 : k2 ∈ Z} are Riesz bases
for L2[−pi,pi] with bounds 2pi[1 − B1(L)]2 and 2pi[1 + B1(L)]2. Hence for any finite
complex sequence {ck1,k2 : k1, k2 ∈ Z}, we have∥∥∥∥∑
k1,k2
ck1,k2e
i(λk1ω1+λk2ω2)
∥∥∥∥2 = ∫ pi−pi
∫ pi
−pi
∣∣∣∣∑
k1
(∑
k2
ck1,k2e
iλk2ω2
)
eiλk1ω1
∣∣∣∣2dω1dω2
≤
∫ pi
−pi
2pi[1+B1(L)]2
∑
k1
∣∣∣∣∑
k2
ck1,k2e
iλk2ω2
∣∣∣∣2dω2
= 2pi[1+B1(L)]2
∑
k1
∫ pi
−pi
∣∣∣∣∑
k2
ck1,k2e
iλk2ω2
∣∣∣∣2dω2
≤ (2pi)2[1+B1(L)]4
∑
k1
∑
k2
|ck1,k2 |2.
A similar argument yields∥∥∥∥∑
k1,k2
ck1,k2e
i(λk1ω1+λk2ω2)
∥∥∥∥2 ≥ (2pi)2[1−B1(L)]4∑
k1
∑
k2
|ck1,k2 |2.
On the other hand, it is easy to see that {ei(λk1ω1+λk2ω2) : k1, k2 ∈ Z} is complete in
L2[−pi,pi]2. Hence the conclusion follows by Theorem 1.9 in [5].
Remark. It is easy to see that if {fn(x) :n ∈ Z} is a complete set in L2[−pi,pi], then
{fm(x)fn(y) :m,n ∈ Z} is a complete set in L2[−pi,pi]2. Hence the counterexample
in [5, pp. 122–125] is available for L2[−pi,pi]d . In other words, the constant 1/4 is still
the best for d > 1 and L cannot be equal to 1/4.
By a change of variable of the form ω→ ω+ a we can show the following.
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COROLLARY 2.2. If {ei〈λk,ω〉 : k ∈ Zd } is a Riesz basis for L2[−pi,pi]d and a ∈ Rd ,
then it is also a Riesz basis for L2(a + [−pi,pi]d) with the same bounds.
Next we give some results on the stability of Gabor frames. Let a = (a1, . . . , ad) and
b = (b1, . . . , bd) be vectors in Rd such that al, bl > 0, l = 1, . . . , d . Denote [0,a] =
[0, a1] × · · · × [0, ad]. For ϕ ∈ L2(Rd), let ϕj,k(x) := ei〈jb,x〉ϕ(x − ka), and ϕ(p)j,k (x) :=
ei〈λjb,x〉ϕ(x − ka), where j,k ∈ Zd , λj := (λ1, . . . , λd) ∈ Rd , jb := (j1b1, . . . , jdbd), and
ka, λjb are defined similarly. Define 2pi/b= (2pi/b1, . . . ,2pi/bd).
THEOREM 2.3. Suppose supp ϕ ⊂ [0,2pi/b] + x0 for some x0 ∈ Rd and {ϕj,k : j,k ∈
Zd } is a frame for L2(Rd) with boundsA,B . Let {λk} be a sequence in Rd and satisfy (1).
Then {ϕ(p)j,k : j,k ∈ Zd } is also a frame for L2(Rd ) with bounds A[1 − B1(L)]2d and
B[1+B1(L)]2d .
Proof. Let Ik = [0,2pi/b]+x0+ka. By Theorem 2.1, it is easy to see that {ei〈bλj,x〉 : j ∈
Zd } is a Riesz basis for L2(Ik) with frame bounds ((2pi)d/Cb)[1 − B1(L)]2d and
((2pi)d/Cb)[1+B1(L)]2d , where Cb = b1 · · ·bd . For any f ∈ L2(Rd), we have∑
j,k
|〈f,ϕ(p)j,k 〉|2 =
∑
j,k
∣∣∣∣ ∫
Rd
f (x)
−
ϕ (x− ka)e−i〈bλj,x〉dx
∣∣∣∣2
=
∑
j,k
∣∣∣∣ ∫
Ik
f (x)
−
ϕ (x− ka)e−i〈bλj,x〉dx
∣∣∣∣2
≤ (2pi)dC−1b [1+B1(L)]2d
∑
k
∫
Ik
|f (x)ϕ(x− ka)|2dx
= (2pi)dC−1b [1+B1(L)]2d
∑
k
∫
Rd
|f (x)ϕ(x− ka)|2dx
= (2pi)dC−1b [1+B1(L)]2d
∫
Rd
|f (x)|2
∑
k
|ϕ(x− ka)|2dx. (2)
A similar argument shows that
∑
j,k
∣∣〈f,ϕ(p)j,k 〉∣∣2 ≥ (2pi)dC−1b [1−B1(L)]2d ∫
Rd
|f (x)|2
∑
k
|ϕ(x− ka)|2dx. (3)
On the other hand, by Theorem 2 in [1] (see also [4] for a multivariate version),
A≤ (2pi)
d
Cb
∑
k
|ϕ(x− ka)|2 ≤ B. (4)
Combining (2), (3), and (4), we get
A[1−B1(L)]2d‖f ‖2 ≤
∑
j,k
|〈f,ϕ(p)j,k 〉|2 ≤ B[1+B1(L)]2d‖f ‖2.
This completes the proof.
Since {ϕj,k} is a frame if and only if {ϕˆj,k} is, we also have the following.
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THEOREM 2.4. Suppose supp ϕˆ ⊂ [0,2pi/a] + x0 for some x0 ∈ Rd and {ϕj,k : j,k ∈
Zd } is a frame for L2(Rd) with bounds A,B . Let {λk} be a sequence in Rd and
satisfy (1). Then {ei〈jb,x〉ϕ(x − λka) : j,k ∈ Zd } is also a frame for L2(Rd) with bounds
A[1−B1(L)]2d and B[1+B1(L)]2d .
It is obvious that the conditions in the above two theorems are much weaker than the
ones of Theorems 16 and 17 in [3].
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